The classical Einstein's gravity can be reformulated from the constrained U(2, 2) gauge theory on the ordinary (commutative) four-dimensional spacetime. Here we consider a noncommutative manifold with a symplectic structure and construct a U(2, 2) gauge theory on such a manifold by using the covariant coordinate method. Then we use the Seiberg-Witten map to express noncommutative quantities in terms of their commutative counterparts up to the first-order in noncommutative parameters. After imposing constraints we obtain a noncommutative gravity theory described by the Lagrangian with up to nonvanishing first order corrections in noncommutative parameters. This result coincides with our previous one obtained for the noncommutative SL(2, C) gravity.
Introduction
The concept of noncommutative spacetimes was first introduced by Snyder [1] in order to solve the divergence problem of the quantum field theory. However, this difficulty was not overcome completely within the framework of noncommutative spacetimes. Although it could provide an ultraviolet cutoff, the noncommutative spacetime gave rise to some other troubles, such as the well-known UV/IR mixing [2] . Since the technique of renormalization was proposed, the noncommutative attempt was not popular for a long time, until the 1990s, when Seiberg and Witten [3] suggested that the D-brane dynamics under a Bfield background can be described by a noncommutative field theory, which connects the noncommutative spacetime with the string theory and also revives the idea of spacetime noncommutativity. As it was known, the noncommutative field theory was considered on the other hand to be a good candidate to describe the physics with the scale less than the Planck's. For the recent progress on the noncommutative issue, see, for instance, some reviews [4, 5, 6] .
The noncommutative formulation of gravity has been considered [7] to be a necessity for quantization of gravity, and some interesting approaches have been suggested to give a noncommutative gravity in which the noncommutative properties are presented by the Moyal-Weyl product [8] . For an overview, let us give a brief summary on the approaches. Within the framework of the gauge theory of gravity, a kind of deformation of the gravity theory is constructed [9] by gauging the noncommutative SO(1, 4) de Sitter group and contracting it to ISO(1, 3) by the Seiberg-Witten map [3] , and another effort [10] is made to build the SO(1, 3) noncommutative formulation of gravity. In refs. [11, 12] the noncommutative formulation of gravity is realized by breaking the gauge group U(2, 2) into U(1, 1) ⊗ U(1, 1) in terms of constraints. From a quite different point of view, the theory of gravity and its noncommutative extension can be expressed in a GL(2, C) formulation with complex vierbeins [13] . In ref. [14] a noncommutative formulation of gravity is given by a class of restricted diffeomorphism symmetries that preserves the noncommutative algebra. Moreover, a gravity theory on noncommutative spaces is proposed [15, 16] in terms of a twisted diffeomorphism algebra from a purely geometrical point of view. We note that the noncommutative formulations of gravity mentioned above are worked out on the so-called canonical noncommutative spacetime with constant noncommutative parameters θ µν .
The noncommutative gravity related to coordinate-dependent noncommutative parameters has also been discussed. For instance, the noncommutative theory of gravity is constructed [17] based on the work of ref. [14] on a noncommutative spacetime with the Lie algebraic structure, which is in fact a special case of a Poisson manifold. Furthermore, an SL(2, C) formulation of gravity on the noncommutative space with symplectic manifolds is proposed [18] by us in light of a different starting point from that of refs. [11, 12] . Because the field strength defined by the way of refs. [11, 12] is of no gauge invariance on the symplec-tic manifold, we thus utilize the covariant coordinate technique [19] to construct covariant actions in our previous work [18] and in this work as well.
The present paper focuses on the U(2, 2) gravity on the noncommutative space with the symplectic structure. In the next section, we give a brief introduction on how to construct a gravity theory from a U(2, 2) gauge theory with constraints on the commutative (ordinary) spacetime. Section 3 is the main context of this paper and it contains three subsections. In the first subsection, we give the gauge invariant action of the noncommutative U(2, 2) gauge theory on the symplectic manifold. In the second we expand the star product to the first order in noncommutative parameters and calculate the lagrangian of the noncommutative U(2, 2) gauge theory (see eq. (61)) which is expressed totally by noncommutative gauge fields to the same order. At last in the third subsection we first apply the Seiberg-Witten map 1 to establish a relation between noncommutative quantities and their commutative counterparts, and then by imposing constraints and breaking the group we obtain the noncommutative U(2, 2) gravity in which the Lagrangian is given up to first order corrections in noncommutative parameters. Finally we make a conclusion in section 4.
2 Gravity based on U (2, 2) gauge group
Let us at first give a brief introduction to the gravity model based on the gauge group U(2, 2) with constraints [11, 12] . The U(2, 2) group is a Lie group of complex 4 × 4 matrices U satisfying the following condition:
whereη = diag(+ + −−). Therefore, some basis of the corresponding Lie algebra u(2, 2) is given by 16 linear independent matrices λ satisfying the relation:
In the Dirac-Pauli representation with γ 0 = −iη, one can choose the following set of matrices τ I , I = 1, . . . , 16, as the basis of u(2, 2):
where γ 5 ≡ iγ 0 γ 1 γ 2 γ 3 and γ ab ≡ 1 2
[γ a , γ b ] with gamma matrices γ a , a = 0, 1, 2, 3, satisfying the Clifford algebra
1 We have two intentions to apply the Seiberg-Witten map: One is to get a noncommutative action represented completely by commutative quantities, and the other is to use the constraints (eq. (66)) for breaking the symmetry group and deleting the redundant degrees of freedom. The latter is just a technique in calculation we adopt in the present paper. The Seiberg-Witten map ensures that we can add constraints to the corresponding commutative quantities. Incidentally, the Seiberg-Witten map was utilized in refs. [11, 12] in a different way from ours, i.e. after the addition of constraints.
where {·, ·} stands for an anticommutator. The gauge field A µ is Lie algebra valued:
The field strength is defined to be
It can be decomposed in terms of the u(2, 2) algebra generators (eq. (3)) as
where the components are given by
Under an infinitesimal gauge transformation, the gauge field A µ and its strength F µν transform as follows:
where Λ ≡ Λ I τ I is an infinitesimal transformation parameter. Thus it is not difficult to write a gauge invariant action
In terms of the component expressions of F µν (see eq. (8)), together with the trace identities of the gamma matrices, the action eq. (11) can be rewritten as
When one imposes the constraints
which break the gauge group U(2, 2) into SO(1, 3) with an additional U(1) global symmetry, the action eq. (12) becomes
where the curvature tensor R
For the case α = 1, eq. (14) gives the topological Gauss-Bonnet term. For the case α = 1, it gives, besides the topological Gauss-Bonnet term, the classical Einstein action plus a cosmological term.
In the next section, we generalize this formulation of gravity to a noncommutative space with a symplectic structure.
3 Noncommutative version of gravity on symplectic manifold Consider a manifold M on which a Poisson bracket is defined:
where θ µν = −θ νµ is a Poisson bivector and f (x) and g(x) are arbitrary functions on M.
The Jacobi identity of the Poisson bracket imposes the following condition on the bivector θ µν (x):
A manifold with such a Poisson structure is called a Poisson manifold. Consider a special case in which the functions f (x) and g(x) are coordinates, and we get the following relations:
In the quantum theory, the Poisson bracket is replaced by a commutator. Then we arrive at a noncommutative manifold with the following commutation relations 2 :
As dealt with to the SL(2, C) gravity in ref. [18] , here we still suppose that the bivector θ µν (x) is nondegenerate; therefore, we can define its inverse θ µν (x) as θ µν θ νρ = δ µ ρ . By using the Jacobi identity (eq. (16)), we can show that the two-form Θ = 1 2
Note that θ µν satisfies the Jacobi identity even though it is a function of operators. Alternatively, when we go from the operator product to the star product along the Weyl deformation quantization procedure, higher order terms will appear:
where W −1 is the inverse of the Weyl map; see ref. [20] . Therefore, it is the term iθ µν (x) + O(θ µν (x)) rather than the term iθ µν (x) that satisfies the Jacobi identity. However, we do not consider the higher order terms O(θ µν (x)) in the present paper. Note also that θ µν has the order of −1; see eq. (25) and the explanation below it. As a result, there are no higher order terms in eqs. (56)- (60), and consequently the higher order correcting terms of θ µν do not affect our results.
(dΘ = 0) and thus prove that the manifold is symplectic. In this paper we shall restrict our discussions on the noncommutative spacetime with the symplectic structure. According to Kontsevich's deformation [21] , there exists an associative star product between functions to a given Poisson bivector θ µν (x) and the star product can be written as
Note that it is not unique for higher order terms. In order to avoid this ambiguity we shall restrict our discussions only to the first-order in θ µν (x). We shall see in subsection 3.3 that this restriction is consistent with the first order Seiberg-Witten map to the noncommutative U(2, 2) gravity.
In the following subsections we construct a gravity model based on the constrained U(2, 2) gauge group on the noncommutative spacetime depicted by eq. (18) with the symplectic structure mentioned above.
Construction of noncommutative gravity
Because of coordinate dependence of θ µν (x), we cannot define a gauge field strength which transforms covariantly simply by using the method adopted in the commutative case. Here we can follow the covariant coordinate approach 3 which was proposed in ref. [19] and has been applied [18] by us to the SL(2, C) gravity. The covariant coordinate is defined aŝ
where all the quantities are matrices, and it complies with the gauge transformation:
whereΨ is an arbitrary matter field with the gauge transformation δΛΨ = iΛ ⋆Ψ.
From eqs. (21) and (22), we get the gauge transformations of the fieldB µ :
and that of the covariant coordinateX µ by using eq. (20),
The noncommutative gauge filedÂ µ is defined as [17, 19] 
where θ µν is the inverse of θ µν and can be considered as of order (θ µν ) −1 when we count the power of θ µν . Using eq. (23) and eq. (25), we can derive the gauge transformation of the gauge fieldÂ µ up to the first order in θ µν :
In light of the covariant coordinate approach [19] , we first define a rank-two tensorF µν composed of the covariant coordinates and of the noncommutative parameters in order to obtain the field strength,
where θ µν (X) is the Poisson tensor (eq. (15)) in which x has been replaced byX in order for F µν to be a function of covariant coordinates. Because of eq. (24) and the gauge transfor-
, the gauge transformation of this rank-two tensorF µν takes the form
Now it is time to look for the relation between the rank-two tensorF µν and the gauge field strengthF µν . In the case of the canonical noncommutative space where the noncommutative parameters are constant, the relation is trivial:F µν = θ µρ θ νσF ρσ . But in our case where the parameters are coordinate-dependent, we should modify the relation to ensure that the gauge field strengthF µν transforms covariantly:
In order to achieve this goal, one can introduce [20] such a functionθ µν (X) that has the following transformation:
Consequently, if it is defined by
the gauge field strength satisfies the transformation property eq. (29). In the next subsection, we can see the functionθ µν (X) indeed exists and we shall give its expansion expression. Now it is straightforward for us to write a gauge invariant action on the noncommutative spacetime with the symplectic structure:
where the symplectic volume form (detθ µν 5 This factor guarantees the trace property of the integral [22, 20, 18] :
where f (x) and g(x) are arbitrary functions. With this property, it is easy to prove the gauge invariance of the action (eq. (32)).
First-order approximation
On the basis of the action of noncommutative gravity on the noncommutative manifold, we now compute the first-order correction for the Lagrangian by using the expansion of the star product and the Seiberg-Witten map. From eq. (32) we know that it is enough to calculate the gauge field strengthF µν up to the first order in θ µν (see eqs. (56)- (60) or their Seiberg-Witten maps upon which constraints imposed, eqs. (69)- (73)). First let us expressF µν in terms ofÂ µ (x) and θ µν (x) by substituting eqs. (20) and (25) into eq. (27) and expanding θ µν (X) to the third order in θ µν (x) 6 :
whereÂ µ can be expressed in terms of the u(2, 2) algebra generators to bê
In order to have the expansion of the field strength, according to its definition, eq. (31), we need the expansion of the tensorθ µν . The latter has been given in ref. [20] as follows 7 :
x is the natural volume form of a symplectic manifold, like the Liouville measure (2π ) −1 dpdq of the phase space. Therefore the geometric meaning is obvious. 6 The purpose of expanding θ µν (X) to the third order in θ µν (x) is to ensure the following expansion of the gauge field strengthF µν up to the first order in θ µν . See eq. (31). 7 In order to derive the first order in θ µν for the field strength, it is enough to expandθ µν to the zeroth order in θ µν . This is a quite usual treatment, see ref. [20] for details.
Note that in order to make the Lagrangian of the noncommutative U(2, 2) gauge theory (see eq. (61)) be written totally by noncommutative quantities we have replaced A σ withÂ σ in the above equation if comparing with the original equation given in ref. [20] . This is only a technique in calculation which will not affect our final result due to the Seiberg-Witten map betweenÂ σ and A σ (see eq. (64)), and due to the corrections for the gauge field strengtĥ F µν just up to the first order in θ µν as well.
Second, with eqs. (31), (34) and (36) we can calculate the noncommutative field strengtĥ F µν in terms of noncommutative gauge fields up to the first order in θ µν as follows:
and it can be decomposed in terms of the u(2, 2) algebra generators:
Since we consider a U(2, 2) gauge theory on noncommutative spaces, we can decomposê F µν into the following form in terms of u(2, 2) algebra generators:
Here we introduce some notions to represent long formulas for the sake of convenience. Suppose G and H are two quantities valued in the algebra u(2, 2):
When we define a function
we can use the Clifford algebra to compute all the components of P (G, H):
Using eqs. (35) and (38) and the definition ofF µν , we first derive the components ofF µν : 
and then obtain the components ofF µν by using eq. (37):
where
Substituting all the components ofF µν into eq. (32), we finally have the Lagrangian of the noncommutative U(2, 2) gauge theory to the first order in θ µν : (57) and (60), respectively. Although it is not written in an explicit form, this equation is still useful. On the one hand, in light of its formulation we can discuss the classical limit of the deformed action below. On the other hand, it is the base for us to write down an explicit action in eq. (74) after we consider the Seiberg-Witten map.
Strictly speaking, there is no commutative limit of the above action for an arbitrary symplectic tensor because of the presence of the factor (detθ µν )
. But we can deduce the commutative limit for some special case in which the fluctuation of symplectic tensor is much smaller than the symplectic tensor itself. We can first take a limit of a constant symplectic tensor and then let the constant tend to zero. A similar phenomenon also happens [18] to the noncommutative SL(2, C) gravity, which might be common in the construction of noncommutative gravity through the covariant coordinate approach. For more explanations, see the reference.
Seiberg-Witten map
From the above discussions, we can see that there appear additional degrees of freedom besides the vierbeinê (13) after we use the so-called "Seiberg-Witten map" [3] which connects noncommutative variables with commutative ones. In principle, the map can be calculated to any order in θ µν . However, we compute it only to the first order for the sake of investigating its primary correction and of making it consistent with the expansion of star product eq. (19) . For the transformation parameterΛ and the fieldB µ , the map has been provided in ref. [20] up to the first order in θ µν :
The map betweenÂ µ and A µ can now be obtained from eqs. (25) and (63):
which, together with eqs. (31), (34) and (36), leads to the Seiberg-Witten map of the field strength also to the first order in θ µν :
. Now the noncommutative field strengthF µν has been expressed by the usual gauge field and its strength. In order to delete extra degrees of freedom, we now consider the addition of constraints. 8 As it is convenient to choose similar constraints to that in the commutative case, i.e. eq. (13), we impose the following constraints in the noncommutative case: 
Substituting eqs. (67) and (68) intoF µν (eq. (65)) and decomposing the field strength in terms of the u(2, 2) algebra generators, or in an alternative way, i.e. directly substituting the Seiberg-Witten map ofÂ µ (eq. (64)) into the components ofF µν (eqs. (56)- (60)) and then imposing the constraints eq. (66) upon the components, we work out the expansions of the components ofF µν in terms of the usual gauge field and its strength up to the first order in θ µν :
where 61), and thus the action whose Lagrangian is corrected up to the first-order in noncommutative parameters takes the form
Note that the first-order corrections do not vanish for a general θ µν (x), which also occurs [18] to the noncommutative SL(2, C) gravity. If we take the case θ µν = const, which corresponds to the canonical noncommutative spacetime, F ab(1) µν vanishes. As a result, the action eq. (74) reduces to eq. (14) related to the commutative space just up to a constant coefficient of proportionality. This coincides with [14, 23] the consequence that the first-order corrections vanish on the canonical noncommutative space.
Conclusion
In this paper, by following the method of constructing the classical Einstein's gravity from the U(2, 2) gauge theory, we provide a deformed gravity model on a noncommutative space with a symplectic structure. In order to obtain the gauge invariant action (eq. (32)), we define each quantity by carefully considering its gauge transformation; see, for instance, eqs. (23), (24), (29) and (30). Then we calculate the noncommutative field strength to the first order in θ µν and express it in its components of the u(2, 2) algebra generators. Substituting these formulas into the action (eq. (32)), we obtain the noncommutative U(2, 2) gauge theory in terms of the noncommutative quantities presented by hats. As the Seiberg-Witten map connects noncommutative quantities with commutative ones, we thus use this map to rewrite the noncommutative field strength in terms of commutative quantities still to the first order in θ µν ; see eq. (65). Furthermore, we impose the constraints (eq. (66)) and therefore break group U(2, 2) to SO (1, 3) . Because the noncommutative field strength has been expressed by the commutative gauge field and its strength, we are able to impose the constraints at the commutative level. Consequently we obtain the components of the noncommutative field strength in terms of their commutative counterparts; see eqs. (69)-(73). Substituting eqs. (69), (70) and (73) into eq. (61), we finally give the action of noncommutative gravity. We note that unlike the commutative theory the first term in eq. (61) does not vanish in general. However, this term has no contributions to the Lagrangian when we consider the corrections only up to the first order in θ µν . As noted in ref. [18] for the SL(2, C) gravity, we may not expect the vanishing first-order correction in the U(2, 2) case. Moreover, we do not think the first-order correction in the Lagrangian can be gauged away. If that was the case, the Riemannian curvature would be gauged away, too. However, it is impossible for a general curved spacetime. As a consequence, the result obtained in this paper, though different from that given by ref. [17] , coincides with our previous work [18] for the SL(2, C) gravity. Furthermore, on the canonical noncommutative space with constant θ µν , we find that the first-order correction to the Lagrangian vanishes (see eq. (74)), which is consistent with that of refs. [14, 23] .
